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Abstract. In this paper we define higher pre-Bloch groups pn(F) of 
a field F. When our base field is algebraically closed we study its 
' connection to the homology of the general linear groups with finite 

coefficient Z/IZ where / is a positive integer. As a result of our in- 
vestigation we give a necessary and sufficient condition for the map 
-H"„(GL„_i(F),Z/K) H„{GL„{F),Z/IZ) to be bijective. We prove 
that this map is bijective for n < 4. We also demonstrate that the di- 



' visibility of pn(C) is equivalent to the validity of the Friedlander-Milnor 



■3 



Isomorphism Conjecture for (n + l)-th homology of GL„(C). 



Introduction 

' A theorem of Bloch and Wigner, unpublished and in a somewhat different 

! form, asserts the existence of the fohowing exact sequence 

rn : ^ Q/z ^ i73(SL2(C),z) ^ p(c) ^ A |e ^ K2{C) ^ o. 

o . 

' A similar exact sequence can be obtained for any algebraically closed field. 

We refer the reader to [3l Appendix A] for a proof of the above exact sequence 
I and for a precise description of the groups and the maps involved (see also 

■ [ni 2.12, 2.14]). 
The group p(C) is called pre-Bloch group and it has been the source of 

^ I many interesting ideas and connections. The pre-Bloch group p{F) plays 

•'-j ■ a very important role in the study of scissors congruences of polyhedra in 

r> I connection with Hilbert's third problem [2].[12j. it is related very closely to 

■ the third A'-group i^3(F) which was the main driving force behind Suslin's 
solution of the Quillen-Lichtenbaum Conjecture |17j . and it is used in estab- 
lishing certain cases of the Priedlander-Milnor Isomorphism Conjecture [7] 
for certain lower homology groups and so on. 

Thus it is natural to ask whether there is a general notion of higher pre- 
Bloch groups, and if so, if it carries useful information. In |5l Section 4.4] 
Loday defines a higher version of the pre-Bloch group, which we denote by 
pn{F), such that p{F) = p2iF), and predicts that it should have a close 
relation with the homology of general linear groups. We call pn{F) the n-th 
pre-Bloch group of the field F. 

Although the definition of pniF) is easy, which is in terms of generators 
and relations, it is difficult to study it directly. In this article we explore its 
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connection with the homology of the general linear groups. As we will see 
this connection is very close. Here is our main result. 

Theorem 13.41 Let F be an algebraically closed field and let I be a positive 
integer. The following conditions are equivalent 

(i) iJm(GL„_i, Z//Z)^i7m(GL„, Z//Z) is injective for m = n and is sur- 
jective for m = n + 1, 



It is known by a theorem of Dupont and Sah that for an algebraically 
closed field F, p2iF) is divisible |3|. The above theorem suggests that a 
general version of this fact might be true. 

Conjecture [3751 Let F be an algebraically closed field and let I be a positive 
integer. Then 



Prom the result of Dupont and Sah the conjecture is true for n=2 [3]. In 
this article we prove it for n = 3, 4 and also for all n over the algebraic closure 
of finite fields. For the latter we use a result of Friedlander concerning the 
homology of general linear groups over algebraic closure of a finite field. 

Here is a strong support for our conjecture. 

Proposition 13.111 Let I be a positive integer. The following conditions are 
equivalent 



(ii) i7„(GL„_i(C),Z//Z) ^ i7„(GL„,(C), Z/K) for all n, 

(iii) i7„(SGL„_i(C),Z//Z) ^ i?„(5GL„_i(C)*°P, Z//Z) for alln. 

Here I?GL„_i(C)*°p is the classifying space of GL„_i(C) with it usual topol- 
ogy and -BGL„_i(C) is the classifying space of GL„_i(C) with GL„_i(C) 
as a discrete group. The condition (iii) is a special case of the Priedlander- 
Milnor Conjecture on the homology of Lie groups with finite coefficients (see 



We briefly outline the organization of the present paper. 

In Section [T] we introduce a spectral sequence which will be our main tool 
in handling the homology of general linear groups. In this section we will 
prove an important lemma, which is used in the proof of Theorem 13.41 

In Section [2] we define the higher pre-Bloch groups "PniF) and give some 
of its properties. In defining these groups we follow Suslin's approach for the 
definition of p(-F) in [TTj. Here we also give some satisfactory description of 






EIO]). 



p^{F) and P4(F). 



HOMOLOGY OF GL„ OVER ALGEBRAICALLY CLOSED FIELDS 



3 



In Section [3] we prove Theorem 13.41 and Proposition 13.111 Here we also 
prove that Conjecture 13.51 is true for algebraic closure of a finite field. 

In Section |4] we show that condition (i) or (ii) of Theorem 13.41 is satisfied 
for n < 4. Here we also establish a new case of the Friedlander-Milnor 
conjecture for the fourth homology of GL3(C) and SL3(C). 

In Section [5] some of these ideas are generalized. 

Notation. Here we establish some notations that is used throughout the 
paper. In this paper by Hi{G) of a group G we mean the integral homology 
group Hi{G,Z). By GL„ we mean the general linear group GL„(F), where 
F is an infinite field. By k we mean Z or a prime field and by Z// we mean 
Z/IZ, where I is a positive integer. If ^ ^ ^' is a homomorphism of abelian 
groups, by A' /A we mean coker(74 A'). 

1. The SPECTRAL SEQUENCES 

Let Ch{F'^) be the free fc-module with a basis consisting of ((fo), • • • , (f/i)), 
where the vectors vo,...,Vh G are in general positions, that is every 
mm{h + l,n} of them is linear independent. By (vi) we mean the line 
passing through vectors Vi and 0. Let do : Co(F") C_i(F") := k, 
EMivi)) ^ Ei^i and dh = Etoi-^y^i : Ch{F^) ^ C;,_i(F"), /i > 1, 

where <ij(((uo), • • • , (vh))) = {(vq), (vi), ... , {vh)). It is easy to see that 
the complex 

(1) o^k^ Co{F^) ^ • • • Cn-liF'^) ^ CniF"") ^ • • • 
is exact. Consider the following exact sequence 

(2) Q^k^ Co{F^) ^ . . . V C7„_i(F") ^ k) ^ 0, 

where Hn-i{Xn, k) := ker(9„_i). We consider Gi{F'^) as left GL„-module 
in a natural way. If it is necessary we convert this action to the right action 
by the definition m.g := g~^m for g G GL„ and m G Ci{F'^). 

Remark 1.1. Let Z//(P"^^) be the simplicial set whose for < /i < n — 1 non- 
degenerate /i-simplices are of the form ((fo), . . . , {vh)) as in the above and 
whose face operators are given by di. Let be the geometric realization 
of Z//(P"~"'^). It is well-known that the complex 

O^Co(F")^--- Vc„.i(F")^0 

computes the homology of Xn with coefficient in k. Hence HQ{Xn,k) = k, 
Hi{Xn,k) = if i / 0,n - 1 and i?„_i(X„,A;) = ker(9„_i). 

The exact sequence ([2]) induces a first quadrant spectral sequence con- 
verging to zero with 



Hq{F*P X GL„_p, k) if < p < n 
Hg{GLn,Hn^i{Xn,k)) if p = n + 1 
if p > n + 2. 
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For I < p < n, and q > the differential dp g{n) equals X]i'=i(~l)*^^-^5('^i,f 
where Ui^p : F*^ x GL„_p f*p-^ x GL„_p+i, 

(ai, . . . , Op, A) (ai, . . . , Oj, . . . , Op, ^ ^ ^ ) 

(see the proof of [9', Thm. 3.5] for details). In particular for < p < n, 

4,0 ('^) 



idfc if p is odd 
if p is even, 



so EpQ^n) = for p ^ n,n + 1. In fact this is also true for p = n,n + 1. 
Applying the right exact functor Hq to the exact sequence 

C„+i(F") ^ C„(F") ^ A;) ^ 

we get the exact sequence 

Ho{GLn,Cn+i{F^)) ^ i/o(GW,C„(F")) ^ Fo(GL„, A;)) ^ 0. 

The group GL„ acts transitively on the basis {{vq), . . . , (vn)) of Cn{F"-) so 
-ffo(GLn, C„(F")) = A;. From this we obtain 



(3) H^{Ghn,Hn-l{Xn,k)) 



if n is odd 
k if n is even. 



Consider as a vector subspace of F^ generated by 63, 64, ... , 

(so GL„_2 embeds in GL„ as diag(l, 1, GL„_2)). Let L'* and L^, be the 
complexes 

0^0^ ^ k ^Co(F"-2). ^ Hn-^{Xn-2.k) ^ Q 

O^k^ Co(F") ^ Ci(F") ^ C2(F") ^ . • • ^ //n-l(Xn, k) ^ 

respectively, that is L'q = 0, L'^^ = 0, L2 = k, L[^^ = Ci{F^~'^) for i = 
0, . . . ,n - 3, L'j^j_i = Hn-3{Xn-2, k) and L[ = for i > n + 2, Lq = k, 
Lj+i = Ci(F"') for i = 0, . . . ,n - 1, L„+i = F„_i(X„, /c) and Lj = for 

i > n + 2. Define the map of complexes L'^ — ^ L*, given by 

((ui), . . . , {vj)) ((ei), (62), (wi), . . . , (wj)) - ((ei), (ei + 62), (t'l), . . . , {vj)) 

+((62), (ei +e2),(t;i),...,(t'j)). 
This induces a map of bicomplexes 

^* ®GL„_2 i^*' ^ ^* ®GL„ F^ L, OgL„ i^*/-^^'* ®GL„_2 

where : • • • ^ F2 ^ Fi A Fq ^ is a free left GL^-resolution of k and 
F^ is F,, as GL„_2-resolution. Thus one gets the map of spectral sequences 

E"p^^{n) ^ E;^^{n) ^ E"'p^^{n), 
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where all the three spectral sequences converge to zero. By a similar ap- 
proach as in the proof of [9| Thm. 3.5], one sees that the spectral sequence 
E'pg{n) is of the form 

i.'i» = |^^^>-^^ ifp>2 
P'"^ ' |0 ifp = 0,l. 

It is not difficult to see that for 2 < p < n and q > the map E'^ q{n) — > 
Ep g(n) is the map Hq(mc) induced by inc : 
with A (1,1,^) and by a little work one sees that 

for < p < n (see [9l Section 4]). 

From the exact sequence of complexes 

^ L; ®gl„_2 K ^ ®GL„ ^ Lp ®GL„ F,/Lp ®GL„_2 i^i ^ 
we obtain the long exact sequence 

(4) . • • ^ E'l^{n) ^ El^{n) ^ ^ E'l^_^{n) 

^ • • • ^ S'J,o(^) - 4,o(^) ^ ^'p,o(^) - 0. 

This exact sequence is studied in the above ifO<p<n, g>0 and p = 
n + 1, g = 0. We will come back to it later. 

Here is an important lemma which is used in the proof of Theorem 13.41 

Lemma 1.2. E"^ -{n) = for all i. In particular = E""^ ^{ri) = 0. 

Proof. Consider the following commutative diagram with exact columns 





III 

Hn-l{Xn,k) ®GL„ F^+i ^ /c) (g)GL„ Hn-l{Xn,k) (g)GL„ 

C7„_i(F-) 0GL„ ^ 0GL„ ^ C„_i(F")®GL„i^i-l 

C7„_2(F") 0GL„ - a_2(i^") 0GL„ ^ C„_2(F")®GL„i^i-l. 

Set Gj = ((ei), . . . , (ej+i)) for < j < Let an-i<^x G C„_i(F") (g)GL„ 

Fi represent an element of the group Hi{Ghn-, Cn-i(-^")) — Hi{F*^, k) such 
that d\ j(o"n-i (8 = 0. Then 

((9n_i (g) idF,){(Tn-i ®x) = a„_i(cr„_i) ® X G im(idc„_2 ® "^i+O- 
Let (Tn-2 <Xi = 9„_i((t„_i) (8) x. It is easy to see that 

n-l 
i=0 
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where gi € GL„ is the permutation matrix such that 

5'j"^(ei,...,e^,...,en,ei+i) = (ei,...,en). 

The inclusions F*" C StabGL„(cn-2) C GL„ induce the commutative dia- 
gram 

si- 

Since Hi{F*"', k) ~ iyi(StabGL„(cn-2), fc), there is a y' G Fj+i such that 

1 ® = 1 (8) G (giF^n Fj. 

i=0 

Let Gn = ((ei), . . . , (cn), (ei H 1- e„)). Clearly dn{(Jn) G i^n-i(^n, fe)- If 

-2 = dn{crn) <8) X, then 

71-1 



(j (g) idir.)(z) = (-l)"(Tn-l ® X + 

i=0 
n-1 



1=0 



where j : F„_i(X„, A;) ^ C„_i(F"), (T„_i = ((ei), . . . , (e 

and g G StabGLn(cn-2) with (7^^a„_i = an-i- Since 1 ® giX = 1 (8 in 

^ <^StabGL„(fT„-2) there exist y" G Fj+i such that 



n— 1 n—1 



i=0 



Now in C„_i(F") (8)GL„ Fj we have 



n-l 



i=0 

n-l 



i=0 



= (-l)"(Tn_i (g) X + (7„_i (g) 6i+i{y' + y"). 

This completes the proof of the triviality of ^(n). The triviality of F'^ j(n) 
follows immediately from this, because E''^^^(n) = E'^_2 j(n — 2). The triv- 
iality of F"^ j (n) follows from these and applying the Snake lemma to the 
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following commutative diagram with exact rows 

^ ker(d'^,,(n)) ^ ker(4^,(n)) ^ ker(d"^,,(n)) ^ 0. 



□ 



2. Higher pre-Bloch groups 

In this section we define the higher pre-Bloch groups pn{F) and investigate 
some of its properties. 

Definition 2.1. Set ifh\F) := Fi(GL„, A;)). We denote tf^(F) 

by tn{F). By convention ii^\F) = for n = 0, 1. 

Prom the short exact sequence 

^ a„+i(C„+i(F")) A C„(F'^) A /f„_i(X„,Z) ^ 
one obtains the long exact sequence 

••• ^ifi(GL„,5„+i(a+i(F"))) /7i(GL„,C„(F")) 

t„(F) HoiGLn, dn+l{Cn+l{F^))) ^ • • • • 

If n is even, the composition 

F* = HiiGLn, Cn{F^)) "'-^^^ in{F) iJi(GL„, C„_i(F")) = F*^ 

is given by o ii"i(/3)(a) = (a, . . . , a) G F*", where j : A;) 

C„_i(F"). Thus Hi{j3) is injective. If n is odd, the composition 

ifi(GL„,C„+i(F-))^iJi(GL„,5„+i(C„+i(F"))) ifi(GL„, C„(F-)) 

is surjective and so Hi{a) is surjective. Now from the above long exact 
sequence one gets the following exact sequences 

O^F*^ tn{F) ^ iJo(GL„, dn+i{Cn+i{F''))) ^0, if n is even, 

^ ir,{F) ^ i7o(GL„,a„+i(C„+i(F"))) ^ Z ^ 0, if n is odd. 

To study i/o(GL„, 9„+i(C„+i(F"))) apply the functor Hq to 

a+2(F") ^ ^ a„+i(C„+i(F-)) ^ 0. 

Thus we get the exact sequence 

(C„+2(F"))gl„ ^ (C„+i(F"))gl„ - i?o(GL„,9„+i(C„+i(F"))) ^ 0. 

Let En = Er=i ei e F*", a = ElLi Oie^ G F*", where G F* - {1} and 
Oj / if i 7^ j. Denote the orbit of the frame ((ei), . . . , (e„), (F„), (a)) G 
C„+i(F") by p(a) and orbit of the frame ((ei), . . . , (cn), (F„), (a), (6)) G 
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C„+2(F") by p{a,b), where b = Y.l=i hei G F*", h £ F* - {1}, + h, if 
i / J and Oj 7^ 5j for all i, j. We see that 

(C„+i(F"))gl„ = Uz.p(a), (C„+2(i^"))GL„ = IIZ.p(a,&). 

a a,b 

A direct computation shows that 

dn+2{p{a, b)) = > (-1) + p{{ , . . . , , . . . , , — )) 

^-^ ai — ai Oj — Oj On — di Qi 

+(-l)>((^, ...>))- (-l)>(a) + (-1)>(6). 
ai a„ 

Therefore i?o(GL„, 5„+i(C„,+i(F"))) is generated by [ai;...;a„] € P"-\ 
aj G — {!}, cLi ^ aj if i 7^ j, and relations 

[61; 6„] - [ai; a„] + [—;...; —] 

- y{-iy^-[^^; . . . ; ^] = 0, 

'H' ai - Oj ai- ai an - ai ai 

1=1 

where bi are as above. If in the above we replace ai/an and bi/bn with aj 
and bi respectively, one sees that the group -ffo(GL„, 9„+i(Cn+i(F"))) is 
generated by the symbols [oi, . . . , a„_i], a, € F* — {!}, Oj 7^ if i 7^ j and 
relations 

[61, . . . , 0„_ij - [ai, . . . , On-iJ + [ — 



ai a„_i ai - 1 a„-i - 1 

/ A ^> y -1 ,)•••) _i )•••) _i 1 ' -1 iJ~ ' 
aia- —1 a,a- —1 an-^a, —la, —1 



where bi G F* — {!}, 6j 7^ 6j if i 7^ j and Oj 7^ 6j for all When n = 2 
this is the definition of p{F). 

Thus one can think of -ffo(GL„, 5n+i(C„+i(-F"))) as a natural generaliza- 
tion of p{F) for n > 3. So we allow ourself to make the following definition. 

Definition 2.2. The group i?o(GL„, 5„+i(C„+i(F"))) is called the n-th 
pre-Bloch group of F and we denote it by p„ (F) . 

From the above we have the following exact sequences 

(5) 0^ F* ^iniF) ^ p„(F) ^0, if n is even, 

(6) t„(F) ^ pniF) ^Z^O, if n is odd. 



Remark 2.3. In [18^ 2.7] Yagunov defines another version of higher pre- 
Bloch groups, denoted by p"'{F). He also defines the classical pre-Bloch 
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group Our definition of the pre-Bloch group is very close to his 

definition of the classical pre-Bloch group. In fact 

fker(p„(F) ^ Z) if n is odd 
[ pn{F) if n is even. 

See [181 3.11] for the relation between p"(F)^j and p"'{F). 

Since E^_^_-^ ^(n) = iniF) for k = Z, from the exact sequence we have 
the following exact sequence 

(7) t„-2(i^) - UF) ^ E"l^,^,{n) ^ 0. 

An easy calculation shows that ker((i^ lin)) C F*" is generated by elements 
of the form 

\ {ai,ai,...,aj,aj) \in = 2j 

|(ai,l, . . . ,Oj,l,ni=i'^i~^) if = 2j + 1. 
This proves that ker(d^^(n)) ~ ^*L"/2J^ Qq -^g have a surjective map 
t„(F) ^ F*L"/2J. Using ^ we obtain a surjective map i(n) ^ F*. 

It is not difficult to see that the composition tn(-^) -^"n+i i(™) ~^ F* 
splits the exact sequence ([5]) for n even. So we have proved the following 
lemma. 

Lemma 2.4. Let n > 2. tn{F) ~ F* © p„(F) i/ n is even and pniF) ~ 
Z © t„(F) ifn is odd. 

In the following lemma we give some satisfactory description of the group 
tn{F), n = 3,4, for arbitrary infinite field F. This also gives a better 
description of pn{F) for n = 3, 4. 

Lemma 2.5. Let F be an infinite field. Then 

(i) i2(F) ~F*©P2(F), 

(ii) t3(F) ~ F*, therefore p3(F) ~ F* © Z, 

(iii) t4(F) ~ F* ©p4(F) and there is an exact sequence 

t2{F) ^ t4(F) ^ F* ^ 1. 

Proof, (i) This part has already been proven in Lemma |2.4[ 

(ii) By Lemma O and [TOl Cor. 3.5] the Elg{3)-terms are of the following 

form 

* * 

* * * 

* 

F|i(3) 

b • • • . 

By a similar arguments as in the proof of \W\ Lemma 3.6] we have Fg 4(3) = 
0. Since the spectral sequence converges to zero, F|]^(3) = E^i{3) = 0. 
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Therefore t3(F) ~ F* . 



' p,' 

and [m Thm. 5.5] the (4)-terms are of the following form 



(iii) For n = 4 we look at the spectral sequence E"p g{A). By Lemma O 



71// 2 

* * 

0**0 

0**0 * 

* 

^"5,1(4) 
6 ••• . 

With a similar argument to the case n = 3, using the results of [11] one 
can show that £"'9 5 (4) = (see the proof of [TOl Lemma 3.6]). With a 
little bit work one can prove that £"'2,3 = (see |10] or [11] to get an idea 
how one can do that). An easy analysis of the spectral sequence shows that 
E"^ 1(4) = E"'^i{4) = 0. The exact sequence follows from this and the exact 
sequence ([71 . □ 

3. Homology of GL„ with finite coefficient 

In this section we show that over an algebraically closed field F the pre- 
Bloch group pn{F^ is closely related to the homology of GL^ with finite 
coefficient. 

Lemma 3.1. Let F be an infinite field, k a prime field and assume that 
n > 3, j > be integers such that n + 1 > j. Let Hq(mc) : -?/g(GL„_2, k) — > 
Hq(GLn^i, k) be surjective for < g < j — 1. Then the following conditions 
are equivalent; 

(i) Hjimc) : Hj{GLn~i, k) Hj{GLn, k) is surjective, 

(ii) Hj{mc) : Hj{F* x GL„_i,A;) — > Hj{GLn, k) is surjective. 

Proof See [9, Lem. 4.1]. □ 

Lemma 3.2. Let F be an infinite field, k a prime field and assume that 
n > 3, j > be integers such that n > j. Let Hq{mc) : Hq{GLm-i,k) 
Hq{GL„i, k) be isomorphism for m = n,n — l and < q < min{j — 1, m — 2}. 
Then the following conditions are equivalent; 

(i) ^^^(inc) : Hj{GLn-i, k) Hj{GLn, k) is bijective, 

(ii) Hj{F*'^xGLn-2,k) ^ Hj{F*xGLn-i,k) ^ Hj{GLn,k) ^ is exact, 
where ti = Hj{mc) andT2 = Hj{a) — Hj{mc), a : {a,b,A) 1— > (6, diag(a, ^)). 

Proof See [9, Lem. 4.2]. □ 

Proposition 3.3 (Stability). Let F be an algebraically closed field. Then 
//m(GL„„i, Z//)^ifm(GL„, Z/Z) is surjective if m < n and is injective if 
m < n — 1. 



Proof. These results are already known and immediately follow from Suslin's 
homological stability theorem [16|, Thm. 3.4]. But for this special case we 
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give a proof that is much easier than Suslin's proof. Here we may assume 
that / is a prime. The proof is by induction on n. If n = 1 then everything 
is obvious. Assume the induction hypothesis, that is i/m(GLj_i, Z//) — > 
-ffm(GLj, Z//) is surjective ii m < j and is bijective if m < j — 1, where 
1 < j < — 1- Consider the spectral sequence E"pg{n) with k = Z/l. It 
is sufficient to prove that E"p g{n) = p + q < n + 1, < q < n - 2 and 
E"\^_i{n) = 0. Because then we obtain E"'^,^(n) = for < m < n and 
E''^ = for < m < n — 1 and by applying Lemmas 13. II and 13. 21 we get 
the desired results. The proof is analogue (and even easier) than the proof 
of [Hi Thm. 4.3]. So we refer the reader to the proof of that theorem. Note 
that here one must use the fact that H2i+i{F* ,7j/1) = for i>0, since F* 
is a divisible group [2, Prop. 4.7]. □ 

Theorem 3.4. Let F be algebraically closed. The following conditions are 
equivalent 

(i) i^m(GL„_i, Z//)— >ffm(GL„, Z//) is injective for m = n and is surjec- 
tive for m = n + 1, 

Z// if n is odd 
if n is even. 



p„(F)0Z// 



Proof. We may assume that / is a prime. Again we look at the spectral 
sequence E"p g{n) with k = Z/L By LemmalOl £^"n,2("-) = 0. By Proposi- 
tion [3i3] and a similar argument as the proof of [U Thm. 4.3] one can show 
that E"p g{n) = for p + g = n + 2, where 3 < q < n. Since the spec- 
tral sequence converges to zero one sees that ^(n) = if and only if 
E"l^^{n) = and £^"o,n+i(^) = 0. Note that by Lemma [231 PniF) has the 
desired property if and only if tn{F) ® Z/Z = if and only if i!i^^^\F) = 
(use Remark ll.ip . By Proposition 14. 1 1 this theorem is true for n = 2, 3. Thus 
by induction we may assume that the theorem is true for lower cases. 

By © and the induction step E"l^^^^{n) = if and only if \!n^^\F) = 0. 
By Lemmas 13.11 and 13.21 we have £"'^ „(n) = E"'o^„_,_]^(n) = if and only 
if the map i^m(GL„_i, Z/Z)— >/7m(GL„, Z//) is injective for m = n and is 
surjective for m = n + 1. This completes the proof of the theorem. □ 

So it is convenient to make the following conjecture (which easily follows 
from Conjecture 15.31 using Lemma l2.4p . 

Conjecture 3.5. Let F be algebraically closed. Then 

Z// if n is odd 



Pn{F)0Z/l 



if n is even. 



Remark 3.6. (i) By a theorem of Dupont and Sah Conjecture 13.51 is true for 
n = 2 [21 App. A] and by lemma [231 it is also true for n = 3,4. 

(ii) Conjecture 13.51 is related very closely to a conjecture of Yagunov [TBI 
Conj. 0.2]. In [18] he defines certain pre-Bloch groups (p^{F) and conjectures 
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that they are divisible. By Remark 12.31 and fl8\ Prop. 3.11], up to 2-torsion, 
Conjecture 13.51 implies Conjecture 0.2 from [18] . 

In the rest of this section we prove certain results that support Conjecture 
13. 5i First a theorem due to Friedlander. 

Theorem 3.7. Let Fg be the algebraic closure of the finite field ¥g. Then 

(i) i7j(GL„(Fg)) — > ifj(GL„+i(Fg)) is isomorphism for i < 2n — 1, 

(ii) Hi{SLn(¥q)) — > -ffi(SL„_|_i(Fq)) is isomorphism for i <2n — \. 

Proof. See [4, Thm. 3]. □ 

Corollary 3.8. (i) Coniecture \3.^ is true for F = ¥q. 

(ii) Let n > 3. Then in(Fg) is a torsion divisible group. In particular 



Q if n is odd 
if n is even. 



Proof, (i) Bv 12.51 we may assume n > 4. The conjecture follows from Theo- 
rems 13.71 and 13.41 

(ii) Again we may assume n > 4. Look at the spectral sequence E^g(n) with 



k = Q. Since F^ is torsion, 



/f,(GU_,(Fq),Q) ifO<r<n 
Hs{GLn{¥g),Hn^i{Xn,Q)) ifr = n + l 
if r > n + 2. 



Now by an easy analysis of this spectral sequence, using \'S.7\ we see that 
Pn(Fg) is torsion. The rest follows from Lemma 12.41 □ 

Corollary 3.9. Let char(F) ^ 0. Then the following conditions are equiv- 
alent 

^ \Z/l if n is odd . 

(i) Pn{F)(^Z/l = { ' ' , for all n, 

ID if n IS even 

(ii) /7„(GL„_i,Z//) ^ F„(GL„,Z//) for all n. 

Proof. It is sufficient to prove that in part (i) of Theorem [33] the surjectivity 
follows from the injectivity. If char(F) = p ^ 0, then it contains a copy of 
Fp. Consider the commutative diagram 

Hn+l{GLn-l{¥p),Z/l) Hn+l{GLn-liF),Z/l) 

l_ i 

Hn+l{GLn(¥j,),Z/l) Hn+l{GLn{F),Z/l) 

I I 

Hn+i{GL{¥p),Z/l) ^ Hn+i{GL{F),Z/l). 

Bv 13.71 the left column maps are bijective. By a theorem of Suslin [14, Cor. 
1] the bottom row map is bijective. Now the claim follows easily. □ 
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For a topological group G let BG^°^ be its classifying space with its un- 
derlying topology and BG be its classifying space as a topological group 
with discrete topology. By the functorial property of B we have a natural 
map ip: BG^ BG^''^. 

Conjecture 3.10 (Friedlander-Milnor Conjecture). Let G be a Lie group. 
The canonical map tp : BG — > BG^°^ induces isomorphism of homology and 
cohomology with any finite abelian coefficient group. 

See [7] and [12] for more information in this direction. Here is a strong 
support for Conjecture 13. 5i 

Proposition 3.11. The following conditions are equivalent 

^ (Z// if n is odd „ 

(i) Pn{C)^Z/l = { J ^ . for all n, 

I U if n IS even 

(ii) Hn{GLn-i{C),Z/l) ^ Hn{GLn{C),Z/l) for alln, 

(iii) i?„(SGL„_i(C),Z/0 ^ Hn{BGLn^i{Cy'>P,Z/l) for all n. 

Proof. It is well-known that 

GL„_i(C) ^ GL„(C) ^ GL„(C)/GL„_i(C) 

is a fibration and GL„(C)/GL„_i(C) is (2n — 2)-connected |S, Thm. 3.15]. 
Hence 7rj(GL„_i(C)) 7rj(GL„(C)) is injective if i < 2n — 3 and surjective 
if z < 2n — 2 which imply that 

7r,(i?GL„_i(C)*°P) ^ 7r,(BGL„(C)*°P) 

is injective if j < 2n — 2 and surjective if j <2n — 1. Therefore 

lfj(BGL„_i(C)*°P,Z) ^ ifj(BGL„,(C)*°P,Z) 

is injective for j <2n — 2 and surjective for j < 2n — 1 [13, Chap. 7, Sec. 5. 
Thm. 9]. We call this topological stability. 

Here we prove (i) <;=^ (ii). The proof of (ii) ^ (iii) is similar and easier, 
(i) =^ (ii) This immediately follows from 13.41 
(ii ) =^ (i) Bv 13.41 it is sufficient to prove that 

Hn+l{GLn-l{C),Z/l)^Hn+l{GLn{C),Z/l) 

is surjective. For this we look at the following commutative diagram 
Hn+i{BGLn-i{C),Z/l) Hn+i{BGLn^i{Cy°P,Z/l) 

i i 

Hn+i{BGLn{C),Z/l) i7„+i(SGL„(C)t°P,Z//) 

I I 
4, 4- 

Hn+i{BGL{C),Z/l) ^ i/„+i(BGL(C)*°P,Z/0. 

By a theorem of Suslin the last row is isomorphism [15. Cor. 4.8] and by 
topological stability the column maps in the right are isomorphism for n > 3. 
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By a result of Milnor, for any Lie group G with a finite number of connected 
components the map 

Hi{BG,Z/l) Hi{BG^°P,Z/l) 

is always surjective [7, Thm. 1]. So the row maps of the diagram are 
surjective. By (ii) and l3.3l the bottom column map in the left is isomorphism, 
so the middle row map is isomorphism. All these imply that the first column 
map in the left of the diagram is surjective. □ 

Remark 3.12. The original goal of Loday to introduce the higher pre-Bloch 
groups in [5j was that it might help one to study //„+i(GL„)/i7„+i(GL„_i), 
which is motivated by the Bloch-Wigner exact sequence and also by a result 
of Suslin which describes the quotient group -ff„(GL„)/ff„(GL„_i) explicitly 
[161 Thm. 3.4]. 

It is easy to define a natural map 

Qn '■ Hn+l{GLn) / Hn+l{GLn-l) —>■ pn{F). 

This map can be constructed using exact sequence From the short ex- 
act sequence — > — s- Co(F") — > Z ^ we get the connecting 
homomorphism i/„+i(GL„) //„(GL„, (9i(Ci(F"))). Iterating this process 
we get a homomorphism rjn '■ Hn+i{GLn) iniF). Since the epimorphism 
Co(-F") ^ Z — > has a GL„_i-equivariant section m i— m{{en)), the re- 
striction of r]n to i?„+i(GL„_i) is zero. Thus we obtain a homomorphism 

-f^ri+l(GLri)/-ffn+l(GLri-l) ^ in{F)- 

The Composition of r/„ with the map tn{F) — > p„(F), constructed in the 
previous section, gives us the map that we are looking for. This map also 
can be constructed on the level of complexes. For details of this approach 
see [H]. 

In the light of Conjecture l3.5t it is convenient to ask the following question. 

Question. Let F be algebraically closed. Is -ff„-|-i(GL„)/ff„-|_i(GL„_i) di- 
visible? 

By 13.71 the answer to this question is positive if F = Fg and in the next 
section we show that the answer also is positive for n < 4. Using Theorem 
13.41 one can show that Conjecture 13.51 gives a positive answer to the above 
question for n even (see the proof of I4.4( ii)). 

4. Lower degree homology groups 

Here we demonstrate that the equivalence conditions in Theorem 13.41 are 
true for n < 4. In this section we assume that F is algebraically closed, 
unless we mention it. 

Proposition 4.1. We have 

(i) H2{GLi,Z/l) ^ i72(GL2,Z//) andO = Hs{GLi,Z/l) Hs{GL2,Z/l) 

(ii) i?3(GL2,Z//) ^i/3(GL3,Z/0 and Hi{GL2,Z/l) ^ H4{GL3,Z/l), 
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(iii) Hi{GL3,Z/l) ^ Hi{GU,Z/l) and H^iGh^^Z/l) ^ H^{Ghi,Z/l), 

(iv) lf4(GL3)/^4(GL2) anrfi/5(GL4)/i/5(GL3) are divisible. 

Proof. By Theorem 13.41 to proof (i) , (ii) and (iii) it is sufficient to prove 
that p2{F) and Pa{F) are divisible and 133(F) Z/^ = Z/l. Dupont and 
Sah [3, Thm. 5.1] proved that p2(F) is divisible. The rest follows from this 
and Lemma 12.51 We should mention that to prove Lemma 12.51 we used the 
main results of [TO] and [11], which are difficult since are on an arbitrary 
infinite field. The proof of those results has great simplification over an 
algebraically closed field and homology with Z// coefficient, for example the 
proof of Lemmas 5.2, 5.3 and 5.4 in [11] are easy (some even trivial) as 
H2i+iiF*,Z/l) = for i > 0. 

(iv) Consider the following commutative diagram with exact rows 
0^ Hi{GL2)^Z/l Hi{GL2,Z/l) ToTf{Hs{GL2),Z/l) 

^ /?4(GL3) Z// ^ i74(GL3,Z//) ^ Torf(i73(GL3),Z//) ^ 0. 

Since F3(GL3) ~ //3(GL2) © (F) [TOl Cor. 5.5], and since K^^ (F) is 
uniquely divisible for i > 2 [1, 1.2], the right column map is isomorphism. 
The middle column map is surjective by (ii). Thus the left column map is 
surjective too. This shows that //4(GL3)///4(GL2) is /-divisible. The proof 
of divisibility of the group -fr5(GL4)///5(GL3) is analogue and for this one 
should use (in) and [HI Cor. 5. 7]. □ 

Proposition 4.2. (i) i?'3(SL2,Z/0 = i73(SL3,Z//) = 0, so i/3(SL2) and 
//3(SL3) are divisible, 

(ii) /74(SL2,Z//) ^ i/4(SL3,Z//) ^ H4{SU,Z/l) and H^^{SIj^,Z/1) 
H5iSU,Z/l), 

(iii) i74(SL3)/i/4(SL2) and H^{SL4^) / {{^(SL^) are divisible. 

Proof. Since //j(SL,Z//) ^ i7j(GL,Z/Z) for all i, by homology stability 
theorem l3.3l and Prop. I4.1( i) one gets i73(SL3, Z//) = 0. The exact sequence 

1 — > SLn — > GLn — > F* — > 1 

induces the Lyndon-Hochschild-Serre spectral sequence 

nFp^q = Hp{F* , Hq{SLn,'^/l)) =^ f/p+g(GL„, Z//). 

It is easy to see that i/g(SL„,Z//) = for g = 1,2, thus nEpg = for 
q = 1,2. Triviality of Hi{F* ,Z/l) for i odd, implies that for p odd 

nE^g = Hp{F*,Hg{SLn,Z/l)) = Hp{F*,Z/l)(^Hg{SL„,,Z/l) = 0. 

Since the above exact sequence splits, ndp g are trivial maps. Thus 2E^^ = 
2El^ = i?3(SL2,Z/0 = //3(GL2,Z/0 = 6, which imply 2^1 3 = 0. So we 
obtain the exact sequences 

(8) ^ H4{SL2,Z/l) H^{GL2,Z/l) H^{F*,Z/l) 0, 
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2^2,4: 


H5{SL2,Z/l) ^ 


■i/5(GL2,Z//) ^0. 




With an 


analogue arg 


ument for nEpg, 


n = 3,4, we obtain 


the exact 


quences 








(10) 


H4{SL-s. 




Z/l) Hi{F*,Z/l) - 




(11) 


3-E'2,4 - 


-.F5(SL3,Z/0 ^ 


■H5{GL3,Z/l)^0, 




(12) 


^ H^iSU, 


,Z//) ^ HiiGU, 


1/1) Hi{F\Z/l) - 




(13) 


4-E'2,4 " 


-^H5{SU,Z/l) ^ 


■ H5{GU,Z/l) 0. 




If m < n, 


then there is 


a natural map of spectral sequences 





1712 ^ Tp2 

Now the isomorphism H^^SL^jl/l) — > H/i{SL4,Z/l) can be deduced from 
the natural map from exact sequence (jlOp to exact sequence ()12p and the 
corresponding result for GL in Proposition 14.11 This isomorphism implies 
that 3-EI4 4-£'2 4- From this, I4.1( iii) and exact sequences ([TT]) and (fT3]) 
we obtain the surjectivity ff5(SL3,Z//) -» i75(SL4, Z//). The proof of (iii) 
is analogue to the case GL in I4.in v) using Cor. 6.2] and [HI Prop. 
5.8]. □ 

Here is a new case of the Priedlander-Milnor Conjecture. 

Corollary 4.3. Let G = GL3(C) or SL3(C). Then for any finite ahelian 
groups A, 

Hi{BG,A) ^ H4{BG'''P,A). 

Proof. We may assume A = Z//, where I is a prime. Now a similar argument 
as in the proof of Proposition 13. 1 ll using HTT] and H^ will prove this claim. □ 

Corollary 4.4. Let n > 3. Then 

(ii) H4^{Shn) is uniquely divisible. 

Proof. We may assume that / is a prime. By a result of Suslin, the K- 
theory of algebraically closed fields with finite coefficient, Ki(F,'Z/l), does 
not depend on the field and Ki{F, 1/1) is trivial if 

(1) i is odd, 

(2) i > 1 when char(F) = / / 

(see [H] and [El Cor. 3.13]). This implies that the group Hi{SL,1/l) does 
not depends on F and -ffj(SL, Z//) is trivial in the above cases (see [14^ Cor. 
1, Cor. 2]). 

(i) To prove this claim it is sufficient to prove it for F = C It is well-known 



HOMOLOGY OF GL„ OVER ALGEBRAICALLY CLOSED FIELDS 17 

that SL„(C), as a Lie group, is 2-connected and 7r3(SL„(C)) ~ Z. This 
impUes that SSLn(C)*°P is 3-connected and 7r4(SSLn(C)*°P) ~ Z. Therefore 

if4(SSL„(C)*°P,Z) 

From Cor. 14.31 we have 

H^{SLn{C),Z/l) ~ H^{BSLn{C),Z/l) ~ i74(-BSL„(C)*°P, Z//) ~ Z/l. 

(ii) The exact sequence O^Z-^-Z— >Z//— >0 induces the long exact 
sequence 

> H^iSL) h F4(SL) ^ F4(SL,Z/0 ^ H^iSL) ^ H^iSL) ^ • • • . 

For n > 4 the claim follows from (i), the triviality of Hr,(SL,Z/l) (and of 
if4(SL,Z//) if char(F) = / / 0) and the following fact 



i?3(SL) ~ y ( 



Q/Z if char(F) = 
^Q/Zi^] if char(F) = p / 0, 

where is a uniquely divisible group [17] . The case n = 3 follows from this 
and the fact that F4(SL4) ~ HiiSLs) (B K^^ (F) [IH Prop. 5.8]. Note that 
K^^{F) is uniquely divisible. □ 

Example 4.5. (i) Propositions 14.11 and 14.21 are true if F = M and 2 \ I. 
Because then p2(K) is divisible [121 2.14, 4.1(a)] and Hi{W,Z/l) = for 
i > 1. For example, a similar argument as in the above shows that the 
groups 

Hi{GU{W))/Hi{GU{^)) and H^{GUm) / H^{GU{^)) 

are /-divisible (see (10^ Cor. 5.5], [ll, Example 1]). The same is true if one 
replaces GL with SL. 

(ii) Corollary 14.41 homology stability theorem 13.31 and exact sequences 
(do]) and ([12]) imply that forn > 3 

i?4(GL„,Z//) ^Z/l® Hi{F\Z/l) ~Z//eZ//. 

Using [33] and [TTJ Cor. 5.7] it is easy to prove that if4(GL„) is uniquely 
divisible for n > 3. 

5. Some generalizations 

One can generalize Theorem 13.41 as follows; 

Proposition 5.1. Let F be an infinite field and let k = Q or k = Z/l, I a 
prime, such that (F) (8) A: = 0. Then the following are equivalent; 

(i) For 3 < m < n the map Hm{GLm-i, k)^Hm{Ghm, k) is injective and 
the map Hm+i{GLm-i, k)^Hm^i{GLm, k) is surjective, 

(ii) For 3 < m < n, the complex tj^^^al-^) ^ ^n{F) Hi{F*,k) ^ is 
exact. 

Proof. Clearly K^^{F) (8) A; = for i > 2. The proof is similar to the proof 
of Theorem 13.41 We leave the details to the reader. □ 
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Example 5.2. Here are some examples of pairs of fields {F,k) such that 
K^{F) ® A: = 0: 

(1) F any global field and k = Q (see [1]), 

(2) F a perfect field of char(F) = I ^ and k = Z/l (see fl]), 

(3) F algebraically closed and k = Z/l (see Sections [3] and H]) , 

(4) F a local field and k = Z/l, I f \n{F)\ (see [3 Example 1.7]), 

(5) F = R and k = Z/l, I / 2 (see IS Example 1.6]), 

(6) F = ¥q and k any prime field, (see [6, Example 1.5]) 

(7) F = Q and k any prime field [H Cor. 10.21]. 

To give more examples first we state a result of Milnor [6', §2]. 
Theorem. For every field F we have an exact sequence 

- K^:i,{F) ^ K^um) - II K^:'{F[t]/p) - o. 

PeSpcc{F[t]) 

The following pairs of fields (F, k) with the desired property follow from 
this theorem and the above cases; 

(8) F = ¥q{T) or F = ¥q{T) and /c = Q or /c = Z//, / 7^ char(F), 

(9) F = F(t), E algebraically closed and k = Z,/l, 

(10) F = M(i) and k = Z//, / / 2. 

By Lemma 12.41 Conjecture 13.51 immediately follows from the following 
conjecture. 

Conjecture 5.3. Let n > 3. Then ti^'.^sl^) ^ ti^'^l-F^) ^ Hi{F*,k) ^ is 
exact. 

By Lemma 12.51 this conjecture is true for n = 3,4. By 13.81 it is also true 
for the algebraic closure of a finite field when is a prime field. We should 
mention that the surjectivity of tl'^^(F) Hi{F*, k) is proven in Section [2j 
We have the following results analogue to Prop. 14. li 

Proposition 5.4. Let the pair {F,k) be as in Example \5.S\ . Then 
(i) if3(GL2, k) ^ i?3(GL3, k) and Hi{GL2, k) ^ Hi{GL3, k), 

(11) Hi{GL3, k) ^ i/4(GL4, k) and H^iGLs, k) H^iGU, k). 

Proof. The proof is similar to the proof of l4.1l using 12.51 and 15. li □ 
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